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Abstract. The paper considers application of the Green's tensor functions to analysis of the multilayer magneto-dielectric 
structures in relation to photonic crystals of the microwave range. The solution of the problem of electromagnetic wave 
propagation in rectangular and flat waveguides, as well as in unlimited space is presented. Efficiency of application of the 
Green's functions to calculation of transmission coefficients through the regular and perturbed structure of a photonic 
crystal is shown. It was proposed to solve the problem of diffraction of electromagnetic waves by the layered structures 
as the problem of equivalent electric and magnetic currents radiation. These currents are determined on the illuminated 
layered media surface by the Equivalence Theorem. The magnitude of the current is related to the electric field intensity, 
and, also, the direction of the incident wave is defined by the current phase distribution. The radiation of the equivalent 
currents behind the layered structure is considered as a transmitted wave. Radiation of these currents in the same region is 
treated as a reflected wave. So, transmission and reflection coefficients are defined. Application of this approach to 
analysis of the periodic structures of the photonic crystals is shown in this paper. 
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INTRODUCTION 
Structures with periodically changing electrical characteristics are often used as component parts of microwave 
devices. The similar structures, but with variable refractive indices, are used to create devices operating in the 
optical frequency band. Due to the periodic nature of changes in parameters along one, two or three axes of the 
coordinate systems, the considered structures are called the photonic crystals [1] — [3]. Currently, there are many 
publications on use of the periodic structures for the development of devices in the microwave, infrared, and optical 
frequency bands [4] — [10]. To calculate the diffraction properties of the photonic crystals, numerical methods are 
mainly used, for example, the finite element method. The software such as the CST Microwave Studio, ANSYS 
HFSS, and EMSS FEKO based on numerical methods is applied to modeling the electromagnetic waves propagation 
through these structures. At the same time, some special cases can be analyzed much faster using the analytical 
electromagnetics methods. One of the well-established methods that are often used for solving propagation, 
radiation, and diffraction problems is the Green's function method [11].  
Application of the Green's functions method to design the multilayer radio-transparent radomes for antenna 
systems was proposed in [12]. It was shown by this method that the layered structures can be efficiently designed to 
transmit electromagnetic radiation of antennas with minimal losses through the antenna radomes in the given 
frequency ranges. In some cases, the multiband antenna radomes are successfully developed.  
ELECTRIC FIELD IN 1-D LAYER STRUCTURE 
Periodic structures with the rectangular and circular outer conducting surface, as well as the parallel-plate 
waveguides, can be considered as a cross-section of the one-dimensional photonic crystal. In the infrared and optical 
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frequency bands, the finite and infinite rectangular and circular dielectric waveguides are used. In the 1-D photonic 
crystals, refraction indexes, dielectric and magnetic permeability alternate according to a certain law (Fig. 1). To 
consider electromagnetic losses in the crystal material, its conductivity is taken into account. Losses in the 
conductive waveguide walls are considered by introducing a non-zero surface impedance of the wall material. The 
frequency dependence of the transmission coefficient changes dramatically when a layer with other electrical 
parameters or thickness appears in the structure (the perturbation occurs). 
 
FIGURE 1. 1-D photonic crystals structure with the disturbed layer. 
 
As the first approximation, the transmission coefficient of the electromagnetic wave through the periodic 
structure can be determined from the solution of the problem of the Hertzian dipole radiation from the outer side of 
the photonic crystal. The electric field at an arbitrary point in the space given by the vector r is defined as follows: 
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where 11( , ) r r  is the electric Green’s function. Let the electric dipole is oriented along the y-axis, so  
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The apostrophe denotes the coordinates of the source point. 
The electric field excited by the dipole has three components. However, for the given length of the periodic 
structure under discussion, the contribution of the longitudinal component will be negligible. Taking into account the 
polarization characteristics of the electromagnetic field, the xE  and yE  components are of interest for the 
electromagnetic wave propagating along the z-axis. For example, the yE  component is calculated using the 11;yy  
component of the Green’s function. This component in the Cartesian coordinate system is written as follows: 
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where  mn   and  mn   are the electric and magnetic eigenfunction for the selected cross-sectional area; emnk , 
h
mnk  are the proper eigenvalue,  ,x y  . The asterisk indicates the conjugate function. The summation sign in (3) 
denotes summation for a finite area and integration for an infinite area. 
We assume that in the plane transverse to the z-axis the medium is homogeneous. The model of an equivalent 
circuit consisting of two lines [13] of the electric and magnetic type is used. Since the source and the point of view 
are at different regions, the transmission coefficients ,E MiT of the i-th layer in the electric and magnetic equivalent 
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 If the photonic crystal in the rectangular waveguide is under consideration as shown in Fig. 1, the Green’s 
function component  11; ,yy  r r  is described as follows: 
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Let the dipole is at the source point 2x a  , 0z   and has the length L . If the point of view is at 2x a  and 
nz z , the yE  field component is described as follows: 
 















n m b n L m n y
E






                                       
 
 t t  (5) 
Unlike the structures considered in [13], waveguide structures have dispersion. There are frequencies, for which 
the considered waveguides with periodically changing characteristics have only evanescent modes. This frequency 
range for some electromagnetic problems is also of interest, for example, in the design of attenuators. 
It is known that the undisturbed periodic structure strongly blocks the propagation of electromagnetic waves and 
acts as a notch filter. Electromagnetic waves bounce off this structure. Let us consider the 25-layer section of the 
rectangular waveguide of 23 by 10 mm cross-section with periodical changing dielectric layers (odd layers 
thickness 7.1 mm, ε = 1.0; even layers thickness 3.9 mm, ε = 2.63, number of odd layers 13, number of even layers 
12). Fig. 2 shows the frequency dependencies of the transmission 21S  and reflection 11S  coefficients. The stopband at 
the level of –30 dB is 3.31 GHz wide. 
The presence of any inhomogeneity in the form of a layer of the same thickness, but with different electrical 
characteristics or with the same characteristics, but of a different thickness, causes the propagation of electromagnetic 
waves with small reflection in a narrow frequency band. The photonic structures with defects have narrow passbands 
and wide stopbands. Let the 12-th layer have other options. First, change the thickness of this layer. If the thickness of 
the layer reduces from 3.9 to 1.0 mm, there is a narrow passband at the frequency 11.56 GHz. At zero layer thickness, 
the peak is shifted to the frequency 12.46 GHz, i.e., by 900 MHz with a change in the thickness of 1 mm, which 
allows, (e.g. for sufficiently high accuracy) to measure the thickness of the layer in experimental studies. 
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FIGURE 2. Reflection (a) and transmission (b) coefficients of the regular structure of a photonic crystal. 
 
Now consider changing the permittivity, leaving the thickness constant. Peak of the passband shifts from 11.43 to 
11.28 GHz with the change in the layer permittivity from 1 to 1.12. For the higher permittivity, a change in the 


















passband peak frequency is more noticeable (change in the permittivity from 7.0 to 14.5 leads to peak shift from 
13.48 to 11.07 GHz). 
CONCLUSION 
According to the obtained results using a vector network analyzer, one can determine the electrical parameters of 
the test layer with sufficiently high accuracy. Application of the Green's functions to analysis of the photonic crystals 
in a Cartesian coordinate system is discussed. In the case of analysis of the radially inhomogeneous structures, the 
representation of the Green's function in a cylindrical coordinate system can be recommended, as in [14]. 
The presented method for calculating the transmission coefficients remains correct in the terahertz and optical 
frequency ranges due to strict analytical expressions. It is noted that the solution of the inverse problem makes it 
possible to determine the thickness and electrical characteristics of the disturbed layer. The high sensitivity of the 
resonant frequency of the structure passband under the presence of a disturbed layer makes it possible to determine 
the electrodynamic characteristics of the studied materials with high accuracy. 
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